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1 Introduction. 

In this paper, we show a uniform gradient estimate for functions u defined 
on a domain Q in Euclidian space R N which satisfy a system of N second 
order partial differential inequalities of the following form 

f) N _ Fjni N A,, 

-^(£^^)(*) + £^(*)<c xen, i< t <N. (i) 

1 3=1 3 3=1 J 

The type of this system we concern is discussed in our main results Theorems 
1.1, 1.2, 1.3, and 1.4 by some conditions for the coefficient matrix (Aij)i<i,j<N 
of second order terms and for the coefficient matrix (6y)i<i,i<JV °f first order 
terms. 

Our method relies essentially on the structure of the system (1), and we 
shall prove an interior uniform gradient estimate for u G C 2 (Q) under the 
assumption that u is uniformly bounded. It is worth remarking here that 
the technical difficulty increases with the dimension N, and we only give the 
result for the cases of N = 2,3. (Theorems 1.1, 1.2.) On the other hand, 
if we assume that u has a compact support in Q, or that u is periodic, the 
boundedness of u is not necessary and the same result holds with a simpler 
assumption on (^ij)i<i,j<N f° r an Y dimensions. (Theorems 1.3, 1.4.) We 
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may now state our main theorems. 
Theorem 1.1. 



Let Q be a domain in R 2 ; let A =(Aj)i<ij<2, where Aij = Aij(xi,x 2 )<E 
W 1,00 (Q) are real valued functions defined in (xi,x 2 ) G Q which satisfy the 
following conditions. 

sup \A ij (xi,x 2 )\ < Ci, sup \VA ij (xi,x 2 )\ < Ci, l<i,j<2, 

(2) 

\detA\~ 1 = \A n A 22 - A 12 A 21 \- X < C 2 , (3) 

A u , A 22 ± 0, (4) 

where C\, C 2 > are constants. Let bij = bij(xi,x 2 )& W 1 ' 00 ^), (1 < i,j < 
2) be real valued functions defined in (xi,x 2 )<E Q which satisfy the following 
conditions. 

sup \b ij (x 1 ,x 2 )\ < C 3 , sup \Vb ij (x 1 ,x 2 )\ < C 3 , 1 < i, j < 2, (5) 

(xi,a;2)Gn (a;i,X2)eSl 

where C 3 > is a constant. Suppose that a real valued function u(x\,x 2 )e 
C 2 (fl) satisfies the following inequalities 

_ H{^r(^i^r)+ & y^r}( x i' ;r 2) < C4 in (xi,x 2 )efi, i = 1, 2. (6) 

3 — 1 ^ 3 3 

sup \u\ < C5, (7) 

{x\,X2)&0. 

where C 47 C 5 > are constants. Then, for any (yi,y 2 )E fi, any 5 > such 
that 

K' = [ yi - 25, Vl + 25} x [y 2 - 25, y 2 + 25] c fl, 

/or If = [yi — <5, 2/1 + 5] x [y 2 — 5,2/2 + S], there exists a constant C > 
depending on 5, matrices (Ay), (%) ; and constants C±, C$ such that 

sup \Vu\<C, (8) 

{x\,X2)€K 



C = 0(i). 
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Theorem 1.2. 

Let Q be a domain in R 3 ; let A— (^4ij)i<jj<3, where Aij are constants 
which satisfy the following conditions. 

sup \A ij (x 1 ,x 2 ,x 3 )\ < Ci 1 < < 3, (9) 

\detA\- 1 < C 2 , (10) 

(A U A 22 - A 12 A 21 )(A 11 A 33 - A 13 A 31 )(A 22 A 33 - A 23 A 32 ) ^ 0, (11) 

AuA 22 A 33 0, (12) 

(A U A 22 + A 21 A 12 )(A U A 22 - 3A 21 A 12 ) > 0, (13) 

(A ±1 A 33 + A 3l A l3 ){A u A 33 - 3A 31 A 13 ) > 0, (14) 

(^22^33 

+ A 23 A 32 ){A 22 A 33 - 3A 23 A 32 ) > 0, (15) 

where C\, C 2 > are constants, let bij (1 < i,j < 3) be constants which 
satisfy 

sup \bij\ < C 3 l<i,j<3, (16) 

where C 3 > is a constant. Suppose that a real valued function u(x±, x 2 , x 3 )e 
C 2 (fl) satisfies the following inequalities 

^ du du 

-^{g^(A^)+hg^K^^2,X 3 )<C 4 , (17) 
j — 1 * 3 3 

in (xi,x 2 ,x 3 ) G f2, 1 < V? < 3, 

sup \u\ < C 5 , (18) 

(xi,X2,X3)eQ 

where C 4 , C 5 are constants. Then, for any (yi,y 2 ,y 3 )<E and for any 5 > 
snc/i that 

A h A- A ■■ 1 

,J J ' i(i + |fZ2Z^l|)< i 1 < i ^ i < 3, 



■A-H-Ajj AijAji ~\~ 2 1 | A^Ajj 8 

(19) 
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%% 33 % 3 3 % I % 3 ' 3 % \ m 33 

K' = [ yi - 25, Vl + 25] x [y 2 - 25, y 2 + 25] x [y 3 - 25, y 3 + 25] c n, 

for K = [yi — 5, yi + 5] x [y 2 — 5, y 2 + 5] x [y 3 — 5, y 3 + 5] , there exists a constant 
C > depending on 5, matrices (Ay), (6^), and constants C 4; C 5 snc/i £/ia£ 

sup |Vu| < C 7 , (20) 
C = 0(i). 



Theorem 1.3. 

Let Q be a domain in R N ; /e£ A= (^4ij)i<i,j<7V; where A^— AijE L°°(fl) 
(1 < j < N) real valued functions defined in x E Q which satisfy the 
following conditionzs. 

sup|Aj(a:)| <Ci l<i,j<N, (21) 

\detA\- 1 < C 2 , (22) 

where C\, C 2 are constants. Suppose that a real valued function u(x) e C 2 (Q) 
such that suppu CC satisfies the following inequalities 

d N du 

- t—(Y, A H^-)( X ) < c 3 in xeVi, l<i<N, (23) 

OX{ j=1 j 

where C 3 > is a constant. Then, there exists a constant C > depending 
on the matrix (A^) and the constant C 3 > such that 

sup\Vu(x)\ < C. (24) 



Theorem 1.4. 
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Let tt be an N dimensional torus T N = R N /Z N = [0, 1]*, let A= (A^), 
where A^= A i j(x)& L°°(Q) (1 < i,j < N) real valued periodic functions 
defined in x G Q which satisfy the following conditions. 

swp\Aij(x)\ < d l<i,j<N, (25) 

\detA\- 1 < C 2 , (26) 

where C\, C 2 > are constants. Suppose that a real valued function u(x) G 
C 2 (Q) is periodic in Q and satisfies the following inequalities 

d N du 

-^(E%)( S )< C 3 in xen, l<t<N, (27) 

where C3 > is a constant. Then, there exists a constant C > depending 
on the matrix (A?) an d the constant C3 > such that 

sup\Vu(x)\ < C. (28) 



If we do not assume either the condition supp-uCC f2 in Theorem 1.3, 
or the periodicity in Theorem 1.4, we need more restrictive conditions for 
the matrix A as in Theorems 1.1, 1.2. The following counter examples show 
the contrast between the case of Theorems 1.1, 1.2 and the case of Theorems 
1.3, 1.4. 

Example 1.5. 

Let N = 2, and let A =(^4ij)i<i,j<2 be the matrix with An— A 22 = 0, 
A21— A12 = 1. (detA 7^ 0.) Consider any functions u(x±,x 2 )e C 2 (f2) which 
satisfy the following inequality in (xi,x 2 ) G f2. 



dxidx 2 



Then, if suppwCCfi, from Theorem 1.3 |Vw| < C, where the constant C > 
depends only on the matrix A and Co- However, if we take the function 
u(xi,x 2 ) = ip(xi) with arbitrary ip G C 2 (R) such that supp-u n dVl^ 0, 
although u satisfies the above partial differential inequality, |Vw| is not 
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bounded in general. 



Example 1.6. 

Let N — 3, and let A =(Aj)i<ij<3 be the matrix with An = A i2 = A 2 i 
= A 23 = 0, A 13 = A 22 
— A 3 i =A 32 = A 33 = 1. 

(detA 7^ 0) Consider any functions u(x±, x 2 , x 3 )& C 2 (Q) which satisfy the 
following inequality in (x\,x 2 ,x 3 ) G fl 



dx\dx 3 
d 2 u 



< C r 

d , du du du 



dxo 



)<C . 



(9^3 (9^1 dx 3 ' 

Then, if suppwCCfi, from Theorem 1.3 |Vu| < C, where the constant C > 
depends only on the matrix A and Cq. However, if we take the function 
u(xi,x 2 ,x 3 ) = ip(x\,x 2 ) with arbitrary ip e C 2 (R 2 ) such that — |^ < 0, 
supp-u fl (9^2^ 0, although u satisfies the above partial differential inequali- 
ties, |Vw| is not bounded in general. 

Finally, we shall give an example of second-order degenerate elliptic 
partial differential equation whose regularity of the solution can be shown by 
our results. 



Example 1.7. 

Let N = 2, 3, Q be a bounded domain in R N , I > 0, and suppose that u\ 
is a solution of the following problem 

luAx) + sup {-^-(x)} - V(x) = x en, (29) 

l<j<iV oxf 

with either Neumann B.C., or State constraint B.C., where V(x) is a Lip- 
schitz continuous function defined in fl Then, for any interior domain 
n CCn, lui(x) is Lipschitz continuous in x G f2o uniformly with respect 
to / > 0. If we assume that a solution ui of (29) satisfies Periodic B.C., then 
Ui(x) is Lipschitz continuous in x G fl uniformly with respect to I. 
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The proof of Example 1.7 will be given later in this paper. The partial 
differential equation (29) corresponds to an optimal control problem for a 
stochastic system which equips N controls of one dimensional diffusions at 
each state. (Remark that J2fLi(~ J^) — ~~ A.) In view of the degeneracy of 

z 

(29), we cannot apply the usual regularity theory for uniformly elliptic oper- 
ators (Gilbarg-Trudinger [5], Caffarelli-Cabre [2]) to study the regularity of 
the solution u\. 

The plan of this paper is as follows. Theorem 1.1 is proved in §2; The- 
orem 1.2 is proved in §3; and the proofs of Theorems 1.3, 1.4 and Example 
1.7 are given in §4. Throughout in the present paper, we conserve the letter 
C > to denote the constants which depend on constants Cj and matrices 
(Aij), (pij) in the Theorems 1.1-1.4. 



2 Proof of Theorem 1.1. 

Lemma 2.1. 

Let (f) be an arbitrarily fixed real valued twice differentiable function defined 
on the interval [—25,25] such that < <fi < 1, supp<pcc(— 25,25) , <fi is even 
and 

0=1 on [-5,5], 0'>O on [-25,0]. (30) 

Then, the function u in Theorem 1.1 satisfies the following inequalities : for 
any (xi,x 2 ) G K, 

(4 r )(ii,^ (31) 
ox i 

du 1 du 

< (resp. >) - (A 12 —)(x 1 ,x 2 ) + — j^(A 1 2—)(x' 1 ,x 2 )dx' 1 



/ ou 
( j)'(x' 1 )(A 12 —)(x' 1 ,x 2 )dx[ 
-28 OX 2 

^(/)(x' 1 )(b 12 —)(x' 1 , x 2 )dx[ + (resp.-) C; 
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for any (x!,x 2 ) e 

(A 22 —)(x u x 2 ) 



du 1 /"^ (9m 

< {resp. >) - (A 21 — )( Xl ,x 2 ) + -JJA 21 —)( Xl y 2 

/2<5 
^(f)'(x 2 )(A 21 —)(x 1 ,x 2 )dx 2 

/2S 
0(a/ 2 )(fc 2 i- — )(x 1 ,x' 2 )dx 2 + (resp.-) C 
-26 OX\ 



Lemma 2.2. 

For the terms in (31) the following estimates hold 

rS r'\b ® u 

/£i dx 2 
r2S ,,,,,, . du 



/ / (&1 2 ^)K , ,X 2 )^X' 1 |<C, 
J-SJxx dX 2 

^<j)'(x[)(A 12 —)(x' 1: x 2 )dx[\ < C, 



r 25 F)n, 

I / <l>(x' 1 )(b 12 —)(x[,x 2 )dx' 1 \<C, 

For the terms in (32), the following estimates hold 

I J J (b 21 —)(x u x^dx' 2 W 2 \<C, 

/25 f)nj 
^\x' 2 )(A 21 —)(x 1 ,x' 2 )dx' 2 \<C, 

/2S Q u 
^<f)(x 2 ){b 21 —)(x 1 ,x' 2 )dx 2 \ < C, 



/<5 Qn 
s (A 21 —)(x 1 ,x' 2 )dx' 2 \ < C. 



We temporarily admit Lemmas 2.1, 2.2, and give the proof of Theorem 
1.1. Let us remark that (31)-(33), (32)-(34) lead the following estimates for 
any (x 1 ,x 2 ), (xi,x 2 )e K. 

-(A 12 —)(x 1 ,x 2 )-C<(A 11 —)(x 1 ,x 2 ) < -(A 12 —)(x u x 2 ) + C (35) 
- (Anp-XxuxJ -C< (A 22 ^)( Xl ,x 2 ) < -(A 21 p^)(x u x 2 ) + C (36) 

OX i OX 2 OX i 

From (4), (36), 

-(A^)(z 1 ,z 2 ) = -( 1 -A 2i —)(z 1 ,z 2 ) 
<(resp. >) ( A ^ Al2 ® u )( Xl ,x 2 ) + (resp.-)C, 

I± 22 OX\ 

and by inserting this into (35) we get for any (xi,x 2 )& K, 
.,A n A 22 - A 2 iA 12 du 



*22 



dxi 



)(xi,x 2 )\<C, 



where C > is a constant. From the assumption (3), (4), we have the bound 
for J^-, and the same discussion leads the bound for J^-. Therefore, (8) is 
proved. 

Now, we shall give the proof of the Lemmas 2.1, 2.2. 

Proof of Lemma 2.1. 

We only give the proof of (31); (32) will be obtained by the same way. First, 
from (6) for any (xi,x 2 ), (xi,x 2 )<E K, since 

/ a 9u du w . f xi , . du w , . . , 

-(^ i+ A 12 — )(X!,X 2 ) + y 4i (b 12 — 

du du 
= -(A n — + A 12 — )(x!,x 2 ) 
Ox i Ox 2 
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by using (7), (2), (5), the following holds with stated in Lemma 2.1. 

i-(^^+a 12 — )(x 1 ,x 2 ) + y £i (6 12 _ )(x 1 ,x 2 )dx 1 

+ (A n — +Ai2 — )(£i,X 2 )| 

axi ax 2 

/ - \ f Xl i 9 . . du . du . . , , 
< sgnfr - xO | - ^(^11^ + ^X^, **) 

/ ^ x Z"^ 1 9 . A du . du w . , 

= sgn(xi-xi) / C + ^-(An— + A 12 — J^!,^) 

Jxi OTx OT 2 

-(6ii^- + 6i2^)(^i,x 2 ) -Co|<fei + C 
< sgn(xi — xi) x 

= sgn(xi-xi) (^(xJICo + ^t-IAh— + A 12 — )(x 1 ,x 2 ) 



0K)(A n — +A 12 — )(x' 1 ,x 2 )rfx , 1 - / 0K)(6 12 — )(x / 1 ,x 2 )rfx / 1 +C 

/28 flii * r28 pjq, 

^'{x' 1 ){A 12 —){x' 1 ,x 2 )dx' 1 -J ^( x [)(b u ^-)(x' 1: x 2 )dx' 1 + C. 

Hence, for any (xi,x 2 ), (£1,^2)^ K we get the following inequalities. 

du du 

( ^ + ^ )(x "* 2) (37) 
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^ / ^ \ / a du . du . . ^ . r x ^ 1 c)u , , . , . 
< (resp. >) [An- V A 12 ——)(x 1 ,x 2 ) + j b 12 ——{x 1 ,x 2 )dx 1 

OX i OX 2 J xi Ox 2 

r28 Q u 

-(resp.+) / (p'(x' 1 )(A 12 —)(x' 1 ,x 2 )dx' 1 

J -28 OX 2 

/2<5 Q u 
4>{x' 1 ){b 12 —)(x' 1 , x 2 )dx[ + (resp.-) C. 
-25 OXo 



"2 

Next, we integrate both hand sides of the above inequalities with respect to 
Xi on [—5, 5], then devide the obtained result by 25 and we have the following. 

h Ij A »k )(x '^ )dx '' (38) 

du du 
< (resp.>) (A u — + A l2 —){ Xl ,x 2 ) 

/2<5 Q u 
^<f)'{x' 1 ){A 12 —){x' 1 ,x 2 )dx' l 

/25 Qy^ 
(f>(x' 1 )(b 12 -—)(x' 1 ,x 2 )dx' 1 + (resp.-) C. 
-25 OX 2 

From (38), (31) holds clearly. 

Proof of Lemma 2.2. 

In the two dimensional case, the argument is easy. In fact, to show the 
first inequalities in (33), we multiply both hand sides of the inequalities (32) 
by (A 22 bi 2 )(xi, x 2 ) and then integrate the result first with respect to x\ on 
[xi, x[], then with respect to x[ on [—5, 5], which leads the conclusion because 
of (2), (4), (5), (7). The other estimates can be obtained similarly, which we 
do not repeat here. 



3 Proof of Theorem 1.2. 

Lemma 3.1. 
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Let be an arbotrarily fixed real valued twice differentiable function defined 
on the interval [—25,25] such that < < 1, supp<pcc(— 25,25) , is even 
and 

= 1 on [-5,5], 0'>O on [-25,0]. (39) 

Then, the function u in Theorem 1.2 satisfies the following inequalities: for 
any (x 1 ,x 2 ,x 3 )e K, 

(A u -£-)( Xl ,x 2 ,x 3 ) (40) 

du du 

< (resp. >) - (A 12 - h A 13 — )(x 1 ,x 2 ,x 3 ) 

ox 2 ox 3 

1 f 5 , . du du 



25 



+ T5Jj Al2 dx- 2 +Al ^ ) ^^ X3)dx ' 
f s r x 'i n du . du . . .. , , „ , . 

LL i^+h^ix^x^dx^ 

0' (x[ ) ( A 12 - h Ai 3 — ) (x[ , x 2 , x 3 ) dx[ 

-28 dx 2 dx 3 

du du 

^(f)(x[)(b 12 — + b 13 —)(x' 1 ,x 2 ,x 3 )dx' 1 + (r-esp.-) C, 



-2 

for any (xi,x 2 ,x 3 ) G K, 



du 

{A 22 —){ Xl ,x 2 ,x 3 ) (41) 
1 r 5 , . du du 



1 f I a ° U a ° U \ / / \ , / 

+ 27L (A2i ^ +A23 ^ )(Xi ' X2 ' X3)rfX2 



1 r 5 r x 2 n du , <9w , . .. ,,,,,, 

-77F / / ( & 2i^ ^ & 23^— )(xi,x 2 ,x 3 )dx 2 dx 2 

2o j-<5 J£ 2 dx\ dx 3 

/2<5 
^(f)'(x' 2 )(A 21 — + A 23 —)(x 1 ,x' 2 ,x 3 )dx 2 

^(4)( & 2i^ h ^23^— x 2 ,x 3 )dx 2 + {resp. -) C. 

-25 OXi OX 3 
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for any (x 1 ,x 2 ,x 3 )e K, 



du 

(A 33 —)( Xl ,X2,x 3 ) (42) 



du du 
<(resp.>) - (A 31 — + A 32 —)(x 1 ,x 2 ,x 3 ) 

I rS 

+ TsLs iA31 ^ + A ^ ){xi > X2 > x * )dx ' 3 

~h si + 6s2 £ )(xi ' ^ ^ d4dx ' 3 

r2S , , , , x / . du , du 



-(resp.+) f (f)'(x' 3 )(A 31 -^- + A 32 -^)(x 1 ,x 2 ,x' 3 )dx 3 

J -25 OXi OX 2 

/2<5 Qy^ 
^(4)( 6 3i ^ 1- ^32^— )(x 1 ,x 2 ,x' 3 )dx' 3 + (resp.-) C. 
-28 OX 1 0X2 



Lemma 3.2. 

Let us denote (x' 1 , X 2,x 3 )= (x[), (xi,x' 2 ,x 3 )— (x' 2 ), (xi,x 2 ,x 3 )— (x 3 ), 
and (x'l,x 2 ,x 3 )— {x'{), (xi,x 2 ,x 3 )— (x 2 ), (xi,x 2 ,x 3 )— (x 3 ). Then, for the 
terms in (40), (41), (4®)> the following estimate hold 

\£j^^<) dx " dx 'i\^ C ' 1<VJ<3, (43) 

/2<5 f)n, 
^) r W|<C, l<i,i<3, i^j, (44) 
-28 OXj 

/28 f)o, 
2s <P(x' t ) — ( X ^d X ' t \<C, l<i,j<3, i^j, (45) 

{ ^(«<C, l<^,J<S, i^j, (46) 



The proofs of Lemmas 3.1, 3.2 will be given below. Here, we admit 
them and give the proof of Theorem 1.2. 
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By inserting the estimates (43)-(46) in Lemma 3.2 into (40)-(42), we 
have the following. 

du 

(A n -—)(x 1 ,x 2 ,x 3 )<(resp.>) (47) 

OX i 

du du 

-(^127 \- A 13 —)(x 1 ,x 2 ,x 3 ) + (resp.-) C V(xi, x 2 , x 3 ) e K, 

0x2 0x3 

du 

(A 22 -—)(x 1 ,x 2 ,x 3 )<(resp.>) (48) 
0x2 

du du 

-(^217 \-A 23 — )(xi, x 2 ,x 3 ) + (resp.-) C V(xi, x 2 , x 3 ) e K, 

OX\ OX 3 

du 

(A 33 —)(x 1 ,x 2 ,x 3 )<(resp.>) (49) 
ox 3 

du du 

-{A 31 — + A 32 —){x 1 ,x 2 ,x 3 ) + (resp.-) C V(£i, x 2 , x 3 ) e K. 
From (47), for any (x 1 ,x 2 ,x 3 ), (x ± ,x 2 ,x 3 )e K, 

< (resp. >)( A3lAl2 f M + AsiAl3 ® U )(x u x 2 ,x 3 ) + (resp.-) C, 

An 0x2 An ox 3 

. <9m „ . ,A 2i . du „ . 
-(^2177— )(xi,x 2 ,x 3 ) = -(— A n — )(xi,a; 2 ,X3) 

< (resp. >)( A2lAl2 f M + )( x i ^2,^3) + (resp.-) C. 

An or 2 A 13 dx 3 

Introducing the above inequalities into (48), (49) we have the following. 

AnA 22 - A 2i Ai 2 du 
( — —)(*!, x 2 , x 3 ) (50) 

< (resp. >) ( ^2iAi3 AnA 23 du ^^^^^^ + (resp.-) C, 
A U A 33 - A31A13 du 

( -fo)^ x * x *) ^ 
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< (resp. >) ^31^12 ^11^32 du }( XuX2 ^ 3 j + ( resp ._) C ? 

An OX 2 

From (50), 

,A 31 A 12 - AuA 32 du 

( W )frw*) 

(A 31 A 12 - A U A 32 )(A U A 22 - A 21 A 12 ) du 

T~A A A A \~A a )K X 1: X 2, X 3) 

(A n A 22 - A 21 A 12 )A n dx 2 
< (resp. >) 

(A 31 A 12 Y 32 ftu ^ P-^M + ("*■-> 
(A11A22 - A 21 A 12 )A U dx 3 

and by introducing the above inequalities into (51), we have the following. 

{(A 1 1^33-^31^13)(^11^22-^21^12)-(^31-4l2-Al^32)(^21^13-^11^23)}x 

du 

x— — (xi,x 2 ,x 3 ) < (resp. >) + (resp.—) C. 
ox 3 

Therefore, from the assumptions (10), (12), we get the bound for J^-. A 
similar argument leads to the bounds for J^-, J^, and we have proved (20). 

Proof of Lemma 3.1. 

We only prove (40); (41), (42) will be obtained in a similar way. First of all, 
from (17) for any (xi, x 2 , x 3 ), (xi,x 2 ,x 3 )& K, since 



. . du . du du.. . r x i du , du .. . . , . 

-{A 11 —+A 12 —+A 13 —)(x 1 ,x 2 ,x 3 )+ J (b 12 —+b 13 —)(x 1 ,x 2 ,x 3 )dx 1 



/ a dui du du . 

= -{An- h A u - \- A 13 —)(x 1 ,x 2 ,x 3 ) 

dxi dx 2 dx 3 

f Xl r 9 . . du . duj . du w . . 

+ L { ~M (A ^ + ^ + x ^ 

+ (bi2-^r + bi 3 -^-)(x' 1 ,x 2 ,x 3 )dx[, 

by using (18), (9), (16), the following holds with stated in Lemma 3.1. 

du du du f Xi du du 

\-(A 11 —+A 12 —+A 13 —)(x 1 ,x 2 ,x 3 )+ J (b 12 —+b 13 —)(x' 1 ,x 2 ,x 3 )dx' 1 



15 



du du du 

+{A U — + A 12 — + A 13 —)(x 1 ,x 2 ,x 3 )\ 



dxi 



' dxo 



dx 3 



r 

< sgn(a;i - x ± ) 

J X 

+(611 



du 



d . . du du . du . , 

- ^-yiAu- h Ai 2 - h A 13 -—)(x 1 ,x 2 , x 3 ) 

dx[ ox i 0x2 dx 3 

du du 
b ^Q^T + b 13 — )(x[,X2,x 3 )\dx[ + C 



dx[ 

< sgnfr - Xl ) |Cb + ^(A^ + A 12 — + Ai 3 — )(x 1 ,x 2 , x 3 ) 



■(6 
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cfaz du 

ttt + ^12^ 1- & i3^— )(a;i,X2,a:3) - Co|cfo'i + C 

dx[ dx 2 dx 3 



rxi Q (Jy^ (Jy (Jy 

< sgn(, 1 - Xl ) Co + ^(An^ + A 12 — + A 13 — )K, s 2 , x s ) 
du . du . du w . . , . 



9m 



(9-u 



du 



sgn(x 1 — xi) x 
d , . du du 



x 



f 11 nr/1 d . A du . du . du,. . . 

du du du 

-(&11 "ST + & i2^ 1" & i3^— )(^i,^ 2 ,a:3)}^i + C 

cte'i ot 2 &c 3 

/'2<5 ^ 
-26 ^ ;){ Si a* + A "lh 2 + ^ W W ' X3) 

du du du 

-(hi^-j + bn^ h b 13 —)(x' 1 ,x 2 ,x 3 )dx[ + C 

dx\ dx 2 dx 3 



< 



28 p)i * 

<P\x[)(A " 



25 



Lll 



du du 
dx , . A l2 — + A^—^x^dx', 



^0(a; / 1 )(6i 2 — + b 13 —)(x' l ,X2,x 3 )}dx[ + C 

25 Qy 

0'(xi)(Ai 2 - h A 13 -—)(x[, x 2 , x 3 )dx[ 



du 



/25 Qy pjy 
(t>{x'i)(bi 2 - h b 13 —— )(x' 1 , x 2 ,x 3 )}dx[ + C 
-26 dx 2 dx 3 
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Hence, for any (xi,x 2 ,x 3 ), (#1, #2, a^G K, we get the following inequalities. 

du du du 

(A 11 — + A 12 — + A 13 —)(x 1 ,x 2 ,x 3 ) (52) 

OX 1 OX2 ox 3 

du du du w- 

< (resp. >) (An^— + ^i2^r + 13 ^^ Xl ' x 2,^3) 



f xl /7 du du , , 

+ (oi2« h & i3^— )(ar 1 ,X2,x 3 )rfx 1 

j xi ax 2 ax 3 

/2<5 
M 0'(xi)(>li2^- + A13— )(x' 1 ,x 2 ,x 3 )rfa; / 1 



-2 ^3 

/25 
H x 'i)( b i2x h ^13^— ) (^1,2:2, ^3)^1 + (resp.-) C 
-2<5 CX 2 CX3 

Next, we integrate the both hands sides of the above inequalities with re- 
spect to Xi on [—5, 5], then devide the result by 28 and we have the following. 

TsL iA ^ + A ^ ix '- X2 ' x ' )dx '' (53) 

du du du 

< (resp. >) (An- h^ 2 - h A 13 -— )(x 1 , x 2 , x 3 ) 

OX i ox 2 ox 3 

/25 Qy 
0'(xi)(Ai2^ h A13-— )(xi,X2,X3)}dx / 1 
-25 (7X2 (7X3 

/25 Qy 
0(aq)(6i2o h & i3^— )K,x 2 ,x 3 )}rfx / 1 + (resp.-) C 
-25 ox 2 ox 3 

The above inequality leads (40). 

Proof of Lemma 3.2. 

We show the estimates (43)- (46) in the following steps 1-4. 

Step 1. (Estimate (43).) We consider the particular case when % — 1, 
j — 2; the other cases are obtained in a similar way in view of the symmetry 
of the conditions on (A^) and (hj). 

/'S rx\ Q u 
8 / dx~ x ^ dx " dx '± \ - C > V ^2, , Vx 3 e [-5, 5] . (54) 
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First, we integrate both hands sides of the inequalities (41) with respect to 
X\ on [x^x'J, and then with respect to x[ on [—5,5]. Remark that since u 
is bounded, the integrals of J^- (xi,x 2 ,x 3 ) with respect to xi are estimated 
by constants. Moreover, remark that by using (42) and the boundedness of 
u, the integrals of -j^(xi, x 2 , x 3 ) with respect to x 2 and xi are estimated by 
constants. Thus, we get the following inequality from (41) and (42). 

r s r< du „ ^ „ , 

\ \ A 22 -—(x 1 ,x 2 ,x 3 )dx 1 dx 1 

J -5 J xi OX 2 

/S rx\ Q>y 
/ -A 23 -—(x",x 2 ,x 3 )dx"dx' 1 + (resp.-) C. 
-SJxi OX3 

We denote 

r5 rx\ Q u 

B(x 3 ) = / A 22 -—(x",x 2 ,x 3 )dx"dx[, 

J -5 J xi OX 2 

where x 2 E [—5,5] is arbitrarily fixed. Then, since 

du A 23 du , „ „ 

-A 23 ——(x 1 ,x 2 ,x 3 ) = — — A 33 — (x 1 ,x 2 ,x 3 ), 
dx 3 A 33 dx 3 

by inserting (42) into the above inequalities and by using the boundedness 
of u, we deduce 



A 22 B(x 3 ) < (resp. >) -^B(x 3 ) - [ B(x' 3 )dx' 3 (55) 

A33 10 A33 J -5 



133 J-oJxz 

,Ao 3 , . r 2S 



-(resp.+)\-^\A 32 / ^(x' 3 )B(x' 3 )dx' 3 

A 33 J-25 

A 23 f 25 

—(resp.+) I- — \b 32 (ft'(x 3 )B(x 3 )dx 3 + (resp.—) C. 
A 33 J-25 



i33 

We multiply (55) by 4>'(x 3 ) and integrate the result with respect to x 3 on 
[—25, 25]. Then, from the assumption on (ft in (39), we have 

A 22 A 33 - A 23 A 32 f » ^ {x r )B{x ,^ 



I33 J-25 

A™ r 25 

< (resp. >) - (resp.+)2\-^\A 32 / (ft'(x' 3 )B(x' 3 )dx' 3 

A 33 J-25 
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A 23 f M 

-(resp.+)2\——\b 32 / (f)(x' 3 )B(x' 3 )dx' 3 + (resp.-) 

A 33 J-25 

Here, we shall denote 



,A 22 A 33 — A 23 A 32 |^423i, N -li^-23|, 

^1 = { 2 A^—\ A 32) \-T— |»32 

^33 ^33 ^33 

A 22 A 33 A 23 A 32 . , ^-23 1 ^ x-l|^23i, 

^2 = (, T h 2\ — \A 32 ) \ — \b 32 

^33 ^33 ^33 

From the condition (15), we have the following two cases. 
Case I. The following inequalities hold. 

^22^33 — ^23^32 ol^ 23 l A ^ n 

1 r 1^32 > U, 

^33 ^33 



^22^33 — ^23^32 o! ^23 i , n 
4 ^1^—1^32 > U. 

^33 ^33 

Case 2. The following inequalities hold. 

^22^33 — ^23^32 ol 23 l /I 

1 1" ^1^— 1^32 < U, 

^33 ^33 



^22^33 — ^23^32 o! ^23 i , n 
A ^1^—1^32 < U. 

^33 ^33 

So, in Case 1 ((58)), 

/ <P\x' 3 )B(x' 3 )dx' 3 < -2E 2 / <t>{x' 3 )B{x' 3 )dx' 3 

J —28 J —28 

r28 r28 

/ 4>'{A)B{x' 3 )dx' 3 > 2E 1 / <P(x' 3 )B(x' 3 )dx' 3 , 

J-25 J-25 

and in Case 2 ((59)), 

r25 r28 

/ (t>\x' 3 )B{x' 3 )dx' 3 > -2E 2 / 0(4)5(4)^4 

J —28 J —28 
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r 28 f 25 

/ <t>'(x' 3 )B(x' 3 )dx' 3 < 2Eh / 4>(x' 3 )B(x' 3 )dx' 3 . 

J-25 J-26 

By inserting these inequalities into (55), we get the following 

^22^33^23^32 n/ v^, ^ IA23A32 f 5 



B(x 3 ) < (resp. >) - ^^-^ / (60) 

2d A 33 Js 

1 ^23^32 f S [ X 3 „ f „, , 

V— — / / B(x,)dx,dx 3 

26 A 33 J-sJxz 3; 3 3 



— (resp.+) — — — 3 - 3 — — — —Ei [ <f)(x' 3 )B(x' 3 )dx 3 + (resp.—) C, 

A 33 J-25 

where i — 1 in Case 1 and A 32 > 0, or in Case 2 and A 32 < 0; i = 2 in Case 
1 and A32 < 0, or in Case 2 and A 32 > 0. 

Next, we investigate both hand sides of (60) with respect to x 3 on [—5,5], 
and devide both hands sides of the result by A 22 . 

f B(x' 3 )dx' 3 < (resp. >) ^f- f B(x'i)dx'idx> 3 (61) 

J -5 ^122^133 J—S Jxz 

-(resp.+) ^ 22 ^ 33 A 23 A 32 25E l r ^ x ^ B ^ dx ^ + ( resp ._) ^ 

^33 |^22| 

where the indices i — 1,2 are similar to (60). By inserting the above inequali- 
ties into (60), then deviding both hands sides of the result by a = ^22^33-^23^32 ^ 
we get the following. 



B(x 3 ) < (resp. >) [[ t B(x" 3 )dx" 3 dx' 3 (62) 

2d A 22 A 33 J -5 Jx3 



1 ^23^3 

^22^33 J J%3 



-(resp.+) (sgna^l + l-HWl) / 4>( x ' 3 )B(x' 3 )dx' 3 + (resp.-) C, 

^22^33 J - 2S 

where the indices i — 1,2 are similar to (60). 

We integrate the both hand sides of (62) with respect to x 3 on [£3, £3], then 
with respect to x 3 on [—5,5], which leads the following. 

/ S f x 3 ^23^32 f S f x 3 

/ B(x 3 )dx 3 dx 3 < (resp. >) - x 3 / / B(x 3 )dx 3 dx' 3 

-S Jx :i /i 22 /i 33 J -6 J £3 

A01A10 f 25 

-(resp.+) (-25£3)(sgna)^(l+-^-^|) / ( j ) (x' 3 )B(x' 3 )dx' 3 +(resp.-) C, 

^22^33 J -28 
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where the indices i — 1,2 are similar to (60). From (15), 
11 1 

— maX l~i ~A 1 ~A i ol A A f> ~A A A A oT~A A f/ ' 



^22^33 ^22^33 ~ ^23^32 + 2IA23A32 | ^22^33 ~~ ^23^32 ~~ 2^23^32 

and since \x 3 \ < 8, we have from (19) 

I ~ ^23^32 i , 1 

I — x z 1 < _ - 

^22^33 2 

Thus, for each cases of % = 1,2, there exist constants Oi(S)— 0(5), 02(5) = 
0(8) respectively, such that 

28 A 22 ^33 J-S J&z 
r28 

< (resp. >) - (resp.+) { (8) / (f)(x' 3 )B(x' 3 )dx' 3 + (reap.-) C, 

J —26 

where the indices i — 1,2 are similar to (60). By inserting the above estimate 
into (62), we get 

B(x 3 ) < (resp. >) (63) 
-(resp.+) {0,(5) + (sgna)^(l + |4^|} I™ <t>(x' 3 )B(x' 3 )dx' 3 +(resp.-) C, 

^122^33 J ~2S 

where the indices i — 1,2 are similar to (60). We multiply (63) by 4>(x 3 ) > 
and integrate both hand sides of the result with respect to x 3 on [—28, 28} . 
Then, by remarking that 

,■25 



/■zo 
4>(x' 3 )B(x' 3 )dx' 3 < 48, 
-25 



also by remarking that from (19), 

\4SE t (l + j^H|)|<i , = 1,2, 

^22^33 2 

and by noticing that Oi(8)= 0(8) for i — 1, 2, we obtain 

r-25 

| j ^(x' 3 )B(x' 3 )dx' 3 \<C. 
By inserting the last estimate into (63), we obtain the estimate. 
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Step 2. (Estimate (44).) 
We consider the particular case when % — 1, j — 2, by separating it into the 
following two inequalities; the other cases are obtained in a similar way in 
view of the symmetry of the conditions on (Aj)i<ij<3 and (%)i<ij<3- 



(f)'(x' 1 ,X2,x 3 )-—(x[,X2,x 3 )dx' 1 \<C, Vx 2 , x 3 e[-5,5], (64) 

-28 OX2 
r28 

/ (p'(x' 1 ,X2,x 3 ) — (x' 1 ,x 2 ,x 3 )dx' 1 \<C, Vx 2 , x 3 e[-5,5], (65) 

JO OXo 



-2 

It is enough to show (64), because (65) can be proved in the same way. Now, 
we set 

x 2 , x 3 ) — (x[, x 2 , x 3 )dx[, 

-28 OX2 

where X2G [— 5, 5] is arbitrarily fixed. By using the estimate (43) in (41), in 
the same way as in Step 1, we obtain 

A 22 C(x 3 ) < (resp. >) ^^C(x 3 ) - f C{x' 3 )dx' 3 (66) 

A 33 25 A 33 J-s 

A 33 J-28 



-(resp.+) \-^\A 32 I <t>\x' 3 )C{x' 3 )dx' 3 
^33 

,A, 3l . r 2S 



A23 f 

-(resp.+) \ — \b 32 (f)(x' 3 )C(x 3 )dx 3 + (resp.-) C. 

A 33 J-28 

We multiply both hand sides of (66) by <f)'(x 3 ), then integrate the result with 
respect to x 3 on [—25, 25}. From the assumption on <p in (39), we get 



^22^33-^23^32 f 25 , ( ( , 

.<t> (x 3 )C(x 3 )dx 3 



A 33 J-28 

423, . r 2S 

133 



<(resp.>) -(resp.+) 2\-^\A 32 (f)'(x' 3 )C(x' 3 )dx' 3 

A33 J-28 

-(resp.+) 2\-^\b 32 (j)(x' 3 )C(x' 3 )dx' 3 + (resp.-) C. 

A 33 J-28 



*33 

From the condition (15), we have the following two cases. 
Case 1. 

The following inequalities hold. 

^422^33 — ^23^32 , ^4.23 , ^ n 

A + 'X" 1 32 ' 

^33 ^33 
22 



Case 2. 

The following inequalities hold. 



^22^33 — ^23^32 ol^ 23 l A - n 

4 + 1 T~ 1 32 ' 

^33 ^33 
^22^33 — ^23^32 , ^23 i , . n 

A U 1 32 

^33 ^33 

Thus, denoting by 

#i = ( 1 2| — |A 32 ) I-t— I632, (67) 

^33 ^33 ^33 

£ 2 = ( A22A33 7 A23A32 +2\^\A 32 n^\b^ (68) 

^33 ^33 ^33 

the same argument as in Step 1 to deduce (61) leads to the following inequal- 
ities. 

A 22 A 33 — A 23 A 32 \^ t ^\ 1 A 23 A 32 f S n( , / RfV . 

C(x 3 ) < (resp. > - — — / C(x 3 )dx 3 (69) 

A 33 2d A 33 Js 

—(resp.+) — ^ — ^— — — — Ei [ (f)(x 3 )C(x' 3 )dx 3 + (resp.—) C, 

A 33 J-28 

where % — 1 in Case 1 and A 32 > 0, or in Case 2 and A 32 < 0; % = 2 in Case 
1 and A 32 < 0, or in Case 3 and A 32 > 0. 

Next, by integrating both hand sides of (69) with respect to x 3 on [—5,5], 
then by deviding the result by A 22 , we get the following. 



rS 

/ C(x 3 )dx 3 < (resp. >) 

J —8 



,-8 
-8 

-(resp.+) 25E A22A3 "~ A23A32 [" <P(x' 3 )C(x> 3 )dx> 3 + (resp.-) C, 

\A 22 \A 33 J -28 



\A 22 \A 33 

where the indices i — 1,2 are similar to (69). By inserting this inequality 
into (69) and devide both hand sides of the result by a = ^fXl^M^ 32 , we 
get the following. 

C(x 3 ) < (resp. >) (70) 



23 



:A 23 A 32 ^ r 2S 



-(resp.+) ( S gn«)^(l + |-^-^|) / <P(x' 3 )C(x' 3 )dx' 3 + (resp.-) C. 

A 22 A 33 J -28 

By remarking that from (19), 

and by using the same argument as in Step 1, we have 

r 28 



-2S 



(f)(x' 3 )C(x' 3 )dx' 3 \ < C. 



By inserting the last estimate into (70), we obtain the estimate (64); (65) 
can be obtained by the same way. 

Step 3. (Estimate (45).) 
We consider the particular case when % — 1, j — 2; the other cases are 
obtained in a similar way in view of the symmetry of the coefficients (A^) 
and ipij). 

'X 2 >w)^«« |<G < 71 » 

We set 

/2<5 
(p(x[,x 2 , x 3 ) — (x[, x 2 , x 3 )dx[, 
-28 OX 2 

where x 2 E [S,5] is arbitrarily fixed. By inserting the estimates (43), (44) 
into (41), and by using the same argument as in Steps 1,2, we get the following 



A 22 D(x 3 ) < (resp. >) ^^D(x 3 ) - f D{x',)dx>, (72) 

/i 33 AO Si 33 J -S 

A 9 »„ 



A 23 f zo 

—(resp.+) I- — \b 32 / (f)(x' 3 )D(x' 3 )dx' 3 + (resp.-) C. 

A 33 J-25 

By integrating both hand sides of (72) with respect to x 3 on [—5, 5], then by 
deviding the result by A 22 , we have the following. 

/ D(x' 3 )dx 3 < {resp. >) (73) 

A 23 A 32 r 25 , 
— (resp.+) 25\ — 1 632 / Mx' 3 )D{x' 3 )dx' 3 + (resp.— ) C. 

Aqq J -28 
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By inserting (73) into (72), we obtain 

^22^33 — A23A32 



s D(x 3 ) < (resp. >) 

^33 

-(resp.+) + l4^l) I"" <t>{x' 3 )D{x' 3 )dx' 3 + (resp.-) C, 

A 33 ^22^33 J -23 

where C > is a constant. We multiply both hand sides of the above 
inequalities by 4>(x 3 ), then integrate the result with respect to x 3 on [—26, 25]. 
Since from the assumption (15), 

1 

< 



1^22^33 — ^23^32| 



^A 2 2^33 ~~ A 23 A 32 + 2IA23A32I A 22 A 33 ~~ A 23 A 32 — 2 1 ^23^-32 | ^ 

remarking that from (19), 

^| A 22 A 33 ~ A 23 A 32 |-i| ^23 | |k |(1 | | ^ 23 ^ 32 |) < - 
^33 ^33 A 22 A 33 2 

we get 

| / 4>{x' 3 )D{x' 3 )dx' 3 \ < C. 

J-25 

By inserting the above estimates into (72), (73), from (11), we obtain (71). 

Step 4. (Estimate (46).) 
We consider the particular case when i = 1, j = 2; the other cases are 
obtained in a similar way, in view of the symmetry of the coefficients (Aj), 

(%)• 

We set 

/S 
g -^-(x' 1 ,X2,X 3 )<y i , 

where x 2 is arbitrarily fixed. Then, by inserting the estimates (43)-(45) into 
(41), and by taking the same arguments as in Steps 1-3, we get 



A 22 E(x 3 ) < [resp. >) A2s As2 E(x 3 ) - A ™ As2 j E(x' 3 )dx' 3 +(resp.-) C, 

A 33 2d A 33 J-s 
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where C > is a constant. By integrating the both hand sides of the above 
inequalities, we have the estimate 



/. 



5 E(x' 3 )dx' 3 \ < C, 



and by inserting this into the above inequality, we obtain (74). 
From Steps 1-4, we have proved Lemma 3.2. 



4 Proofs of Theorems 1.3, 1.4 and Example 
1.7. 

We begin with the following Lemma. 
Lemma 4.1. 

For the function u in Theorem 1.3, the following estimates hold. 

N du 

*up|(E4*or)(*)l<C l<*<iV. (75) 

xGSl j = i U-Li 

From Lemma 4.1, (21), (22), we obtain the gradient estimate (24) in 
Theorem 1.3. 

Now, we prove Lemma 4.1. 
Proof of Lemma 4.1. 

We only show the estimate for % — 1 in (75); and the others are obtained by 
the same way. Let us denote (x±, ...,xn) = (xi), (x[, ...,xn)— (x'i), (xi, ...,xn)— 
(xi) for the convenience. For any (xi), (xi) G Q, since 

N du 

-E(^-f-)^i) 
j=i ux j 

v^/ a ® u \ \ f Xl ® JL,, . du ..... . 
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the following holds from (23). 



N du N du 

|-E^o-)(^) + E^^-r)(^i)l 

j=i ux j j=i ux j 

. „ . r x i . d A, , du ...... . 

< sgn(xi - xi) 1-^7 E( A U ^-)( x i)l^i 



= sgn(x! - xi) y | C + 7^7 E(Aj^7)(^'i) - C |dxi 
/■xi d N du 

< s g n(xi - xi) y £ c + J2(A lj —)( x ' 1 )dx' 1 + c > 



< 

where (y,x 2 , ■■■,xn)& dQ, (z, x 2 , %n)£ dQ, (y < z) are the intersections 
of dVt and the straight line connecting (xi) with (xi). Hence, from the 
assumption that supp-uCC Q, we get 

N du N du 

j=i ux j j=i ux j 

And, by letting xi be on the boundary, we have proved our purpose. 

For Theorem 1.4, the same lemma as above holds. 
Lemma 4.2. 

For the function u in Theorem 1.4, the following estimate holds. 

du 

sup \(Aij—(x)\ < C 1 < i < N. (76) 

xeQ dxi 



It is not difficult to prove Lemma 4.2, by modifying the proof of Lemma 
4.1. Moreover, it is clear that Lemma 4.2 leads Theorem 1.4, and we do not 
repeat the argument. 
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Proof of Example 1.7. 

The existence and the unqueness of the solution ui of (29) is established by 
the viscosity solutions theory. (We refer the viscosity solutions theory to 
Crandall-Lions [3], Crandall-Ishii-Lions [4].) Thus, by the comparison result, 
we have 




< Const. 1 < i < N, 



lui{x) < Const. 

Therefore, we can apply Theorems 1.1, 1.2, and 1.4 to obtain the result. 
Remarks 4.3. 

The regularity result in Example 1.7 can be generalized to a class of some 
controlled stochastic systems which were treated by Krylov [6], Lions [7]. 
For the special case of (29), the result in fact holds for any dimensions, if we 
follow our proof for Theorems 1.1, 1.2, and 1.4. 
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